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𝑚

𝐼𝑐𝑔 𝑚1 𝑚2

𝐶𝑠𝑓 𝐶𝑠𝑟

𝑘𝑠𝑓 𝑘𝑠𝑟

𝑘𝑡𝑓 𝑘𝑡𝑟 𝑥𝑐𝑔

𝜑

𝑥𝑡𝑓 𝑥𝑡𝑟

𝑦𝑓 𝑦𝑟 𝑎1 𝑎2

𝑎1 + 𝑎2 = 𝐿

 

𝑢𝑑

𝑑2

𝑑(𝑥𝑑 )2
 𝑦𝑑 𝑥𝑑 

𝑑2𝑢𝑑

𝑑(𝑥𝑑 )2
 = 𝑓 𝑥𝑑 , 𝑢𝑑 ,                 0 ≤ 𝑥𝑑 ≤ 𝐿
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𝑢𝑑 0 = (𝑢𝑑)0
d2𝑢𝑑(0)

d(𝑥𝑑 )2 = φ
0

𝑢𝑑 L = (𝑢𝑑)L
d2𝑢𝑑 (L)

d(𝑥𝑑)2 = 𝜑L

𝑦𝑑 𝑥𝑑 = 𝐼 ∗ 𝐸 𝐼, 𝐸)

𝑓 𝑥𝑑 , 𝑢𝑑 𝑞𝑑 𝑥𝑑 ∗ 𝑢𝑑 𝑥𝑑 + 𝑝𝑑 𝑥𝑑 𝑢𝑑(𝑥𝑑)

𝑞𝑑(𝑥𝑑) 𝑝𝑑(𝑥𝑑)

𝑑2

(𝑑𝑥𝑑 )2
 𝐸𝐼

𝑑2𝑢𝑑

(𝑑𝑥𝑑 )2
 = 𝑞𝑑 𝑥𝑑 𝑢𝑑 𝑥𝑑 + 𝑝𝑑 𝑥𝑑 ,   0 ≤ 𝑥𝑑 ≤ 𝐿,                       

𝑢𝑑 0 = 0 𝑢𝑑 𝑥𝑑 

𝑝𝑑(𝑥𝑑)

𝑑2

(𝑑𝑥𝑑 )2
 𝐸𝐼

𝑑2𝑢𝑑

(𝑑𝑥𝑑 )2
 = 𝑝𝑑 𝑥𝑑 ,   0 ≤ 𝑥𝑑 ≤ 𝐿,                       

𝑢𝑖 𝜑𝑖

(𝑖)  𝑢𝑖+1 𝜑𝑖+1

(𝑖 + 1)𝑡𝑕 𝑙𝑒
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𝑁𝑖 𝑥𝑑

𝑢𝑑 𝑁𝑖 𝑥𝑑

  𝐸𝐼
𝑑4𝑢𝑑

𝑑 𝑥𝑑 4
− 𝑝𝑑 𝑥𝑑  𝑁𝑖𝑑𝑥𝑑 =  𝐸𝐼

𝑑3𝑢𝑑

𝑑 𝑥𝑑 3
𝑁𝑖 

0

𝑙𝑒

−
𝑙𝑒

0

 𝐸𝐼
𝑑2𝑢𝑑

𝑑 𝑥𝑑 2

𝑑𝑁𝑖

𝑑𝑥𝑑
 

0

𝑙𝑒

               +   𝐸𝐼 
𝑑2𝑁𝑖

𝑑 𝑥𝑑  2

𝑑2𝘶

𝑑 𝑥𝑑  2 − 𝑝𝑑𝑁𝑖 𝑑𝑥𝑑 = 0
𝑙𝑒

0

  𝐸𝐼
𝑑4𝑢𝑑

𝑑 𝑥𝑑 4
− 𝑝𝑑 𝑥𝑑  𝑁𝑖𝑑𝑥𝑑 =

𝑙𝑒

0

 𝐸𝐼𝑢𝑥𝑥𝑥 𝑁𝑖 0
𝑙𝑒 −  𝐸𝐼(𝑥𝑑)𝑥𝑥 𝑁𝑖 𝑥 0

𝑙𝑒

   +  𝐸𝐼𝑁𝑖,𝑥𝑢𝑥𝑥  𝑑𝑥𝑑 −  𝑝𝑑𝑁𝑖𝑑𝑥𝑑 = 0
𝑙

0

𝑙𝑒
0

𝑥

𝑁1 =
1

(𝑙𝑒)3 (2𝑥3 − 3𝑥2𝑙𝑒 + (𝑙𝑒)3)

𝑁2 =
1

(𝑙𝑒)3
 𝑥3𝑙𝑒 − 2𝑥2(𝑙𝑒)2 + 𝑥(𝑙𝑒)3 ,

𝑁3 =
1

(𝑙𝑒)3
 −2𝑥3 − 3𝑥2𝑙𝑒 ,

                    𝑁4 =
1

(𝑙𝑒)3 (𝑥3𝑙𝑒 − 𝑥2 𝑙𝑒 
2)

𝑁1, 𝑁2, 𝑁3, &𝑁4

𝑁1 = 1 𝑁1 = 0

𝐾𝑖,𝑗
(𝑒)

= 𝐸𝐼  
𝑑2𝑁𝘪

𝑑𝑥 2

𝑑2𝑁𝘫

𝑑𝑥 2  𝑑𝑥
𝑙𝑒

0

𝐾𝑖,𝑗
(𝑒)

𝑓𝘪 =  𝑝𝑑𝑁𝘪
𝐿

0
𝑑𝑥  
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𝐾11
(𝑒)

=  
𝑑2𝑁1

𝑑𝑥 2

𝑑2𝑁1

𝑑𝑥 2  𝑑𝑥
𝑙𝑒

0
=  

1

 𝑙𝑒 
3

𝑙𝑒
0

 12𝑥 − 6𝑙𝑒 
1

 𝑙𝑒 
3
 12𝑥 − 6𝑙𝑒 𝑑𝑥 =

1

 𝑙𝑒 
6  144𝘹2𝑙𝑒

0
−

144 𝑥𝑙𝑒 +  36  𝑙𝑒 
2𝑑𝑥 =

1

 𝑙𝑒 
6   48 𝑥3 − 72𝑥𝑙𝑒 + 36𝑥𝑙𝑒 0

𝑙𝑒𝑙𝑒
0

=
1

 𝑙𝑒 
6
 12 𝑙𝑒 

3 =
12

 𝑙𝑒 
3

𝐾𝑖,𝑗
(𝑒)

=
𝐸𝐼

 𝑙𝑒 
3

 
 
 
 

12 6 𝑙𝑒 −12 6 𝑙𝑒 

6 𝑙𝑒 
−12
6 𝑙𝑒 

4 𝑙𝑒 
2

−6 𝑙𝑒 

2 𝑙𝑒 
2

−6 𝑙𝑒 
12

−6 𝑙𝑒 

2 𝑙𝑒 
2

−6 𝑙𝑒 

4 𝑙𝑒 
2  
 
 
 

 𝑝𝑑  1 −
3𝑥2

 𝑙𝑒 
2 +

2𝑥3

 𝑙𝑒 
3 𝑑𝑥

𝑙𝑒
0

= 𝑝𝑑  𝑥 −
𝑥3

 𝑙𝑒 
2 +

𝑥4

2 𝑙𝑒 
3
 

0

𝑙𝑒
= 𝑝𝑑   𝑙𝑒 −

 𝑙𝑒 
3

 𝑙𝑒 
2 +

 𝑙𝑒 
4

2 𝑙𝑒 
3 =

𝑝𝑑(
𝑙𝑒

2
)

𝑓(𝑒)

𝑓(𝑒) =
𝑝𝑑 𝑙𝑒

2
 

1
6𝑙𝑒
1

−6𝑙𝑒

 

 𝑓(𝑒) =  𝐾𝑖,𝑗
(𝑒) ∗  𝑢𝑑 

𝑝𝑑 𝑙𝑒

2
 

1
6𝑙𝑒
1

−6𝑙𝑒

 =
𝐸𝐼

 𝑙𝑒 
3

 
 
 
 

12    6 𝑙𝑒 −12    6 𝑙𝑒 

6 𝑙𝑒 

−12
6 𝑙𝑒 

4 𝑙𝑒 
2

−6 𝑙𝑒 

2 𝑙𝑒 
2

−6 𝑙𝑒 

12
−6 𝑙𝑒 

2 𝑙𝑒 
2

−6 𝑙𝑒 

4 𝑙𝑒 
2  
 
 
 

 

𝑢𝑑1
𝑢𝑑 2
𝑢𝑑 3
𝑢𝑑 4

 

𝑓𝑖 &𝑓𝑗 𝑢𝑖&𝑢𝑗

𝑘𝑠𝑒 𝑖 𝑎𝑛𝑑 𝑗
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𝑖 𝑗

𝑓𝑖 = 𝑘𝑠𝑒 𝑢𝑖 − 𝑢𝑗  

𝑓𝑗 = 𝑘𝑠𝑒 𝑢𝑗 − 𝑢𝑖 

 
𝑓𝑖
𝑓𝑗
 =  

𝑘𝑠𝑒 −𝑘𝑠𝑒

−𝑘𝑠𝑒 𝑘𝑠𝑒
  

𝑢𝑖

𝑢𝑗
 

(𝐾𝐺)

𝐾𝐺 =
𝐸𝐼

𝑙3

 
 
 
 
 
 
 
 
 

𝑘𝑠𝑒 𝑙
3

𝐸𝐼
−

𝑘𝑠𝑒 𝑙
3

𝐸𝐼
0               0                  0                     0

−
𝑘𝑠𝑒 𝑙

3

𝐸𝐼
12 +

𝑘𝑠𝑒 𝑙
3

𝐸𝐼
6𝑙              −12              6𝑙                    0

0
0
0
0

6𝑙
−12

6𝑙
0

 4𝑙2

       −6𝑙
2𝑙2

0

−6𝑙

       12 +
𝑘𝑠𝑒 𝑙

3

𝐸𝐼

−6𝑙

−
𝑘𝑠𝑒 𝑙

3

𝐸𝐼

  2𝑙2           0

−6𝑙     −
𝑘𝑠𝑒 𝑙

3

𝐸𝐼

         4𝑙2

        0

      0
𝑘𝑠𝑒 𝑙

3

𝐸𝐼  
 
 
 
 
 
 
 
 

𝐾𝑠𝑦𝑠 =
𝐸𝐼

𝑙3

 
 
 
 
 12 +

𝑘𝑠𝑒 𝑙
3

𝐸𝐼
6𝑙 −12 6𝑙

6𝑙 4𝑙2 −6𝑙 2𝑙2

−12
6𝑙

−6𝑙
2𝑙2

12 +
𝑘𝑠𝑒 𝑙

3

𝐸𝐼

−6𝑙

−6𝑙
4𝑙2

 
 
 
 
 

𝑀 =  𝑁𝑇𝑚𝑁 𝑑𝑥

𝐿

0

= 𝜌𝐴𝘓  𝑁1 𝑁2 𝑁3 𝑁4  , 

𝑁𝑇𝑁)

𝑁𝑇𝑁 =  

𝑁1

𝑁2

𝑁3

𝑁4

  𝑁1 𝑁2 𝑁3 𝑁4 𝑁𝑇𝑁 =  

𝑁1𝑁1 𝑁1𝑁2 𝑁1𝑁3 𝑁1𝑁4

𝑁2𝑁1 𝑁2𝑁2 𝑁2𝑁3 𝑁2𝑁4

𝑁3𝑁1

𝑁4𝑁1

𝑁3𝑁2

𝑁4𝑁2

𝑁3𝑁3

𝑁4𝑁3

𝑁3𝑁4

𝑁4𝑁4
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𝑁1𝑁1 =  
1

𝑙3
 2(𝑥𝑑)3 − 3(𝑥𝑑)2𝑙 + 𝑙3  

2

=  
1

𝑙6
 2(𝑥𝑑)3 − 3(𝑥𝑑)2𝑙 + 𝑙3 2 ………

= 4(𝑥𝑑)6 − 12(𝑥𝑑)5𝑙 + 9(𝑥𝑑)4𝑙2 + 4(𝑥𝑑)3𝑙3 − 6𝘹2𝑙4 + 𝑙6

1

𝑙6
 𝑁1𝑁1𝑑𝑥𝑑 =

4

7
𝑙7 − 2𝑙7 +

9

5

𝘓

0

𝑙7 + 𝑙7 − 2𝑙7 + 𝑙7 =
𝑙7

𝑙6
 

13

35
 =

𝑙 ∗ 156

420

𝑁1𝑁1

𝑀 =
𝜌𝐴𝑙

420
 

156 22𝑙 54 −13𝑙
22𝑙 4𝑙2 −13𝑙 −3𝑙2

54
−13𝑙

−13𝑙
−3𝑙2

156
−22𝑙

−22𝑙
4𝑙2

 

𝑥 𝑠𝑠 (𝐴𝑠𝑠)𝑋𝑠𝑠 (𝐵𝑠𝑠 𝐹𝑠𝑠

𝑦𝑠𝑠 (𝐶𝑠𝑠)𝑋𝑠𝑠 (𝐷𝑠𝑠)

𝐴𝑠𝑠 𝐵𝑠𝑠 𝐶𝑠𝑠 𝐷𝑠𝑠

𝑋𝑠𝑠 𝑦𝑠𝑠

𝑋𝑠𝑠

𝐴𝑠𝑠  
0 𝐼

−𝑀𝑠𝑦𝑠
−1 ∗ 𝐾𝑠𝑦𝑠 −𝑀𝑠𝑦𝑠

−1 ∗ 𝐶𝑠𝑦𝑠
 

𝐵𝑠𝑠  
0

−𝑀𝑠𝑦𝑠 ∗ 𝐹𝑠𝑦𝑠
 

𝐷𝑠𝑠  0 

𝐹𝑠𝑠  𝑓𝑠𝑦𝑠  
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𝐴𝑠𝑠

𝐵𝑠𝑠

𝐶𝑠𝑠

𝐷𝑠𝑠

𝐹𝑠𝑠

(𝐴𝑠𝑠)𝑇𝑃 + 𝑃(𝐴𝑠𝑠) − 𝑃(𝐵𝑠𝑠)(𝐴𝑠𝑠)𝑇 + 𝑄 = 0 𝑄 ≥ 0

𝑠 (𝑛 × 𝑛 (𝑛 × 𝑚)

𝑥  𝑡 = 𝐴𝑠𝑠𝑥 𝑡 + 𝐵𝑠𝑠𝑈𝑔𝑎𝑖𝑛 (𝑡) 

𝑥 0 = 𝑥0

𝑈𝑔𝑎𝑖𝑛  𝑡 = −𝐾𝑔𝑎𝑖𝑛 𝑥 𝑡 

𝐾𝑔𝑎𝑖𝑛 = 𝑅−1(𝐵𝑠𝑠)𝑇𝑃

𝐽 =   𝑥𝑇𝑄𝑥 + (𝑈𝑔𝑎𝑖𝑛 )𝑇(𝑈𝑔𝑎𝑖𝑛 ) 𝑑𝑡
0
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𝑈𝑔𝑎𝑖𝑛 𝐾𝑔𝑎𝑖𝑛

𝐾𝑔𝑎𝑖𝑛 𝑈𝑔𝑎𝑖𝑛

𝑥 (𝑡) =  𝐴𝑠𝑠 − 𝐵𝑠𝑠𝐾𝑔𝑎𝑖𝑛  𝑥(𝑡)
 

𝑥𝑡𝑓

𝑥𝑡𝑟

𝑓𝑎𝑓

𝐾𝑔𝑎𝑖𝑛

𝐾𝑔𝑎𝑖𝑛 𝐴𝑠𝑠 𝐵𝑠𝑠

𝐾𝑔𝑎𝑖𝑛
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𝐾𝑔𝑎𝑖𝑛 𝐴𝑠𝑠 𝐵𝑠𝑠

𝐾𝑔𝑎𝑖𝑛  

α β

𝐶𝑠𝑦𝑠

𝐶𝑠𝑦𝑠 = 𝛼𝑀𝑠𝑦𝑠 + 𝛽𝐾𝑠𝑦𝑠

𝛼&𝛽) 

𝛼

𝛽

α β

α β



Mohamed R. Ghazy.et.al
    

Control of Flexible Half Car Model Suspension System 



Mohamed R. Ghazy.et.al
    

Control of Flexible Half Car Model Suspension System 



Mohamed R. Ghazy.et.al
    

Control of Flexible Half Car Model Suspension System 



Mohamed R. Ghazy.et.al
    

Control of Flexible Half Car Model Suspension System 



Mohamed R. Ghazy.et.al
    

Control of Flexible Half Car Model Suspension System 

 

 

 

 

 

 

 

 

 

 

 

 

https://doi.org/10.1051/matecconf/201821111003


Mohamed R. Ghazy.et.al
    

Control of Flexible Half Car Model Suspension System 

 

 

 

 

 


