
776 Tob Regul Sci.™ 2021;7(4-1): 776-787 

  

 

 
 

2( ; , , ) 2 ( ; , ) ( ),SLN L

y
f y f y y R


     



−
=             (1) 

1R  1R 
2 (0, )  

( ; , )Lf y  

| |
1

( ; , )
2

y

Lf y e


 


−
−

=

2~ ( , , )Y SLN    Y

Y

Z
Y

V
 = + ,           (2) 

~ (0,1, )Z SN  V

2

1

3 2( ) , 0v
Vf v v e v

−
−=  Z V

Z

Y

wuws009@outlook.com

mailto:wuws009@outlook.com


777 Tob Regul Sci.™ 2021;7(4-1): 776-787 

1 2

2 2 2 2 2

| |
( )

( )

Z Z
Y

V V V


 

 
= + +

+ +
,             (3) 

1 ~ (0,1)Z N 2 ~ (0,1)Z N 2 2 2

1( ) | |V V Z −= +

2

2 2 2 2
| , ~ ( , )Y v N

v v

 
 

 
+

+ +
,                 (4) 

 
2 2

2
| ~ (0, ;(0, ))

v
v TN

v




+
 ,                     (5) 

( )TN g , ,Y V

2 2
2

2 2

1 1 ( ) ( )
[ ( ) ]

22
2

1
( , , )

v y y

vf y v e e
v

  





− −
− − + −

= .           (6) 

 


2 2

2

1

122
2

2 1
( , ) ( )

v x

vf y v e x
v


 

− −
−=  ,                 (7) 

y
x





−
=

2 |V Y y= | Y y =
2 | Y y =

2( | )
| |

E V y
y




=

−
,                         (8) 

( )
( | )

( )

x
E y x

x


 

 


= + ,                   (9) 

2( | ) 1 ( | )E y xE y  = + .              (10) 

 

p

1

( ; ) ( ; ) ( ; ) ( )
p

SLNM k SLN k SLN

k

f y G f y f y dG   
=

= =  ,    (11) 

2

1, ( , , ), ( , , )k k k k k p       = = L


G
1

( ) ( )
p

k k

k

G I   
=

=  ( )I 

The parameter space of G  can be written as 

2 2

1 1 1 1

1

{ ( , , , , , , , , , , , ) : 0 1, 1, , , 0,

1, , }

p

p p p p k k k k k

k

G

k p

            
=

 = =   = −   + 

=

L L L L

L

Therefore, we can get G ’s log-likelihood function 
| |

1 1 1

( ) log ( ; ) log ( ( ))

i k

k

ypn n
k k

n SLNM i i k

i i k k k

G f y G e y



 


 

−
−

= = =

= =  −  l ,  (12) 

1 1y =
 1 0 →

( )n G →+l





778 Tob Regul Sci.™ 2021;7(4-1): 776-787 

0 n→+

1 2, , , ny y yL

1 1 1

( ) log ( ; ) log{ ( ; )}
pn n

n SLNM i k SLN k

i i k

G f y G f y 
= = =

= =  l ,    (13) 

1 2, , , ny y yL 1 1y = 1

1 0 →
1 1

1 1 1 1 1 1 1 1 1( ; ) 2 ( ) ( ( ))SLNM Lf y f y y     − −= −  − = → .   (14) 

2

0 0, 1,k k k    = = = 2,3, ,k p= L

0 iy  2,3, ,i n= L

( ; )SLNM i kf y 

1( ; ) 2 ( ) ( ( )) 2SLNM i k L i k k k i kf y f y y    −= −  −  ,      (15) 

for 2,3, ,k p= L , 2,3, ,i n= L . 

0 0 0( ,1, )  =

1 0.5 =
0.5

1
k

p
 =

−

2,3, ,k p= L

1

1 2 1

( ) log{ ( ; )} log{ ( ; )}
p pn

n k SLNM k k SLNM i k

k i k

G f y f y   
= = =

= +  l  

1 1 1 0

2 2

log ( ; ) log{ ( ; )}
pn

SLNM k SLNM i

i k

f y f y   
= =

 +   

1 1 0

2

log0.5 log ( ; ) log ( ; )
n

SLNM SLNM i

i

n f y f y 
=

= + + →  , 

1 0 → G

 

1 1

( ) ( ) ( ),

( ) ( ) ( ) ( ) ( ).

n n n

p p

n n n n k n k

k k

p G G p G

p G p p p p   
= =

= +

= + = + 

l l

% %
    (16) 

G
arg max ( )G nG p G=% l




0 

 

 

 Let 1, , nY YL  F ( )SLNf y . 

( )SLNf y sup ( )SLN
y

M f y=   . Let 



779 Tob Regul Sci.™ 2021;7(4-1): 776-787 

1

1
( ) ( )

n

n i

i

F y I Y y
n =

=  . n→, 

1

1sup{ ( ) ( )} 2 10 logn n
y R

F y F y M n n  −



+ −  + ,         (17)  

0 

1( ; ) 2 ( ; ) ( ( )) 2 ( ; )SLNM L Lf y f y y f y      −= −  −  − ,   (18) 

 1 2, , , ny y yL  

n→
. .

1 1

1 1
( ) 2 ( ) ( ; ) 2 ( ; ) 0

n n a s

i i SLNM L
G G

i i

I y G I x G f y dy f x dx
n n

  
= =

 −  → − −      

 
1

( )
n

i

i

I y G
=

 . Let
2| log |  = , where 0 . 

 

1, , nY YL

0( ; )f y G  n→

1

2 2

1

sup (| | | log |) 4 | log | 10log
n

i
x R i

I Y Mn n    
 =

−   +  

 

0, ( ) ( )np o n   =

0

sup max{0, ( )} ( )np o n





=
2( ) (log ) lognp n 

1 logn n − n
( )np 
0 = ( )np  → −

2

k → + ( ) 0np  = 0 =
( )np  ( )np 

 
n→+

1

2( ) ( )np o n =%

1

2( ) ( )np o n =%

( )np 
( )np 

2 → + ( )np 

2

ns
( )np 

2 2

2 2
( ) ( log )n

n k n

n

s
p a

s





= − +%  ,           (19) 

2 2( ) ( log(1 ))n k n k kp b  = − − +%  ,      (20) 

where na  and  nb  are positive numbers, it can be 

taken different number to tunning  penalized 

terms  ( )n kp %  and ( )n kp %  . 

 

0p p=

0G

00 0{log ( ; )}GK E f Y G= 0

 ,p M 0K

0 0 →

2

0 0 0 04 log 1, log ( 2)pM p K   −  − . 

 0max{| |}, 1, ,k
k

k p  = L 0k



780 Tob Regul Sci.™ 2021;7(4-1): 776-787 

0 0G

0 
0G

0

0

*

{ : min{ } , 1, , },

{ : max{| | , 1, , },

.

k

k

G k p

G k p





 

 

 

 =   =

 =   =

 =  − 

L

L

U

 

The parameter of the SLNM distribution has 

at least one component will be close to zero, if it 

falls in the region  . The penalty ( )np  will 

counter it such that PMLE with is with a 
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regular, the consistency is then covered by the 

technique5. 

We know the PMLE G%  is strongly 
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In this paper, we consider a penalty term SLNM 

model parameter estimation problem, in view of 

the likelihood function unbounded model and 

skewness parameter divergence, we add penalized 

term in the log-likelihood function respectively to 

the scale parameter and skew parameter. It makes 

the scale parameter to converge to 0 and the log-

likelihood function when the skewness parameter 

divergent bounded. For parameter estimation, we 

present an improved EM algorithm, which can 

effectively estimate local parameter, scale 

parameter, skewness parameter and mixing 

proportion. 

The approach developed herein is arguably 

valid for regaining the consistency and efficiency, 

and has the advantage of placing no additional 

constraints on the parameter space. This 

methodology could be extensively to other classes 

of finite skew mixture models, such as the finite 

mixture of Skew-Normal-t distributions and the 

mixture of Skew-Normal-Cauchy models. 
 

 

Define sets
2

( ) ( ) ( ) ( ){ :| | | log |}, 1, ,k i k k kA i y k p  = −  = L . For any set S , denote ( )n S  be the number of 

elements in S . Furthermore, we defined ( ; ) ( ; )n i

i S

G S f y


= l  . For 
pG   and some small enough 0 , the 

mixture density 

( )

1
( ; )SLNM i

k

f y G


  for any ( )ki A . Since
( )

1

1 ( ) ( )( ) ( )
k

k C

t k kn A A n A−

= I I , use the bound of ( )( )kn A  

in lemma 2, we almost surely have 

 

( )

( )

1

1 ( )( ; ) log ( ; )
k

k

k C

n t k SLNM i

i A

G A A f y G−

=



 l I I  

( ) ( )

2

( ) ( ) ( )

( ) log

4 log 10log log

k k

k k k

n A

Mn n



  



 −
 

 

Next, we adding penalty function ( )( )n kp  to the likelihood function, it satisfying conditions 1-2, above formula 

can be written as 

 

( )

1

1 ( ) ( )( ; ) ( )
k

k C

n t k n kG A A p −

= +l I I  



784 Tob Regul Sci.™ 2021;7(4-1): 776-787 

2 2

( ) ( ) ( )

2

( ) ( )

2

0 0

4 log (10log log ) log

4 log

4 log

k k k

k k

Mn n n

Mn

Mn

  

 

 

 − −





 

For any
( )1 t

p C

ti A= I , since
2

( ) ( ) ( )| | | log |i k k ky   −  , it is easy to show 

( )

( )

| |

( )

1 ( )

( ; ) log{ }

i k

k

y
p

k

SLNM i

k k

f y G e







−
−

=

   

2
( )log

( ) 0

( )

1
log log log 0k

k

k

e


 


 =    

By 
2

0 04 log 1pM   , 0 0

1
4 log

p
pM

p
 

−
−    holds for small enough 0 , we can implied that 

( )

1

1 ( )

1

( ) ( )
t

p
k C

t t

t

n
n A n n A

p

−

=

=

 − I , 

Hence, the summation log-likelihood contributions of samples in 
( )

1

1( )
t

k C

tn A−

=I  are bounded by 

( ) ( )

1 1

1 1 0( ; ) ( ) log ( ; ) log
t t

k C k C

n t t SLNM i

n
G A n A f y G

p
− −

= ==  −l I I , 

Thus, for 
pG   and some sufficiently small 0 , use above results and condition 3, the penalized log-likelihood 

function has the upper bound as 

( ) ( )

1

1 ( ) ( ) 1

1

( ) { ( ; ) ( )} ( ; ) ( )
t t

p
k C p C

n n t k n k n t

t

p G G A A p G A o n−

= =

=

= + + +l l I I l I                

2

0 0 0

0

0

4 log log ( )

( 2) ( )

( 1) ( )

n
pMn o n

p

n n K o n

n K o n

   − +

 + − +

 − +

 

By the strong law of large numbers, we have almost surely 0 0

1
( )np G K

n
→l . Consequently, as n→, almost 

surely we have, 

0sup ( ) ( ) ( )
p

n np G p G n o n


−  − + →−l l . 

 

Let 


  be a compaction 


  allowing (1) ( ) 0 = = =L . For G


 , define the following continuous functions 

( )

0

( )

| |

2

( ) ( )

1 1

( ; ) ( ; )

k

k

y
p

k k SLNM

k k

g y G e f y








  

−
−

= = +

= +  , 

where 
( )

( ; )
kSLNMf y   is the density function of k-th component. Because ( ) ( 1) 0p   +  L , ( ; )g y G  is 

bounded over


 . Therefore, G


 , when 0 1  , we have 

 

0 0log { ( ; ) / ( ; )}G SLNME g Y G f Y G   
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0

0

0

0

0

0

| |

2

1 1

| |

2

1 1

| |

2

0

1 0 0

0

1
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log[ [ ( ; )] ( ; ) ]

1 1
log[ 2 [ ( ; )] 1]

2 2

log[ (2 1) 1]
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k

k k
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k k SLNM
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k SLNM k SLNM

k k

y

k SLNM

k

k

k

e f y dy

e f y dy f y dy
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
















  

   

  
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−
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−
−

=

=
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= + +
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 − +
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 

  





 

It is also clearly that 0( )   is a non-increasing function and
0

0
0

lim ( ) (0, )



→
   . Hence, the inequality

2

0 0 08 log ( )M       holds for small enough 0 . 

Define 

1

( ) log ( ; )
n

n i

i

G g y G


=

=l  on 


 , by the strong law of large numbers and the upper bound of Jensen's 

inequality, we have almost surely 

00 0 0

1
sup { ( ) ( )} log{ ( ; ) / ( ; )} ( )n n G SLNM
G

G G E g Y G f Y G
n





  


− → = −l l . 

For G 

  and {1, , 1}p  −L ,  we have 

( )

1
( ; ) ( ; )SLNM i i

k

f y G g y G


  for all ( )ki A . For the rest 

observations, since 
2

( ) ( ) ( )| | logi k k ky   −   , and if ( )k  is small enough that  

2
( )

( )

1
loglog1 2

( )

k
k

k e e



−− =  , thus 

( ) ( )
2
( )

( ) ( )

| | | |
1

log
2

( )

( )

1
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k k

k
k k

y y

SLNM k

k

f y e e e

 
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


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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

| | | | | | | |

2 2

k k k k

k k k k

y y y y

e e e
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− − − −
− −

= =  ,  

holds with ( ) 0k  , which implies ( ; ) ( ; )SLNM i if y G g y G . 

So, the log-likelihood contribution of iy   have upper bounds as 

( ) ( )log log ( ; ), ,
log ( ; )

log ( ; ), .

k i k

SLNM i

i

g y G i A
f y G

g y G otherwise





− + 
 


 

So, in the log-likelihood function, we have 

( )

( ) log ( ; )
k

n SLNM i

i A

G f y G


= l  

            
( ) ( )

( )

( ) ( )

1

log ( ; ) log

( ) ( ) log
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n k k

k
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








 
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 −
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With these results , we  can  show that 

0sup ( ) ( )n nG G







−l l   

0 ( ) ( ) ( )

1

2

0 0 0
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 
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for the chosen 0 . Note that 0( ) 0   , thus {1, , 1}p  −L  almost sure have 0sup{ ( ) ( )}n nG G







− →l l  as 

n→. 

When
CG   I , since the component deviances have a positive lower bound and divergent 

skew parameters do not lead to density function goes to infinite, then ( ; )SLNMf y G  is bounded over
C

  I . 

Through the  Jensen's inequality, we have 
0 0log{ ( ; ) / ( ; )} 0G SLNM SLNME f Y G f Y G   for any

CG   I . We 

have also selected   large enough so that 
CG   I . Furthermore, it is easy to show that10, when n→ , 

0

1

sup log{ ( ; ) / ( ; )} ( ) 0
C

n

SLNM SLNM

i

f Y G f Y G
 


  =
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I

, 

Note that ( )  is greater than zero and is an increasing function of  . With the upper bound in ( )−  and the 

conditions C1-C3, we get 

0sup ( ) ( )
C

n nG G
 



 

−
I

l l   

0 0

1

0
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2
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i
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
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
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I I

  

Thus, we have 0sup ( ) ( )
C

n nG G
 



 

− →−
I

l l  almost surely as n→ 

 

With the defined distance and for any 0  , we need to  defined a new parameter space 

( ) 0{ : , ( , ) }G G D G G  =   . Clearly, 0 ( )G  when 0  . 

For ( )

pG   I , it is easy to show the derivations of Theorem 1 are still applicable by replacing  
pG   

with ( )

pG   I . Hence, we can quickly get 

( )

0sup ( ) ( )
p

n n
G

p G p G
  

− →−
I

l l  as n→ , and claim that 

( )

pG   % I  with probability one. 

Since 0 ( )G  , for ( )G 

  I  where 1 1p  − and ( )

pG     I I ,the  corresponding 

inequalities 
0 0log{ ( ; ) / ( ; )} 0G SLNME g Y G f Y G   and

0 0log{ ( ; ) / ( ; )} 0G SLNM SLNME f Y G f Y G   still holds 

respectively.  Thus, we can get 
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l l , 
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f Y G f Y G

  


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I I

.  

 

for the properly selected 0 ,  and well defined ( ; )g y G . Using these results, with n→ , we similarly get 

( )

0sup ( ) ( )np G p G

 


 

− → −
I

l l  for 1 1p  −  and 

( )

0sup { ( ) ( )}np G p G

  


  

− →−
I I

l l . 

 From above conclusions, we know that the PMLE G% must fall in set 
*

( )

C

 U  with probability 1. For any  , 

we must be get 0( , ) 0D G G →%  through ( )

CG % . Meanwhile, 
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*G% also implies 0( , ) 0D G G →% . Thus, the strong consistency of the penalized MLE is proved under the case

0p p . 

 

The author(s) declared no potential conflicts of 

interest with respect to the research, author- ship, 

and/or publication of this article. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 


