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Skew-Laplace-Normal Mixture models is a more flexible framework than the normal mixture models
for heterogeneous data with asymmetric behaviors. But it's likelihood function have some bad math
properties, such as the unboundedness of likelihood function and the divergency of skewness
parameter, it often mislead statistic inference. In this paper, we given a penalizing the likelihood
function method to deal with these problem simultaneously, and we given the detail of proof on
parameter have strongly consistency. We also give a modified penalized EM-type algorithms to

compute penalized estimators.
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INTRODUCTION

n the past few decades, finite mixture
models have been widely studied and
applied in many statistic-based fields,
such as density estimation, classification,
clustering, and pattern recognition. In a large
number of the attendant studies, the Gaussian
component is most commonly used.
However, the normality assumptions for
component densities could be violated in many
fields, with data involving asymmetric and

fon (y;f,wz,a) =21 (Y; &, 0)0(x

where & € R! is the local parameter, & € R*
is the skewness parameter and o’ €(0,) is
the scale parameter. f (Y;&, @) shows that the

density function of Laplace distribution with

z
Y=(+0—,
c \Y

where Z ~SN(0,1, @), V has a distribution
1

with the pdf f,(v)= vi 2 v>0, Z and V

are independent variables. Using the stochastic

skewness properties fairly common. Azzalini'
proposed skew normal distribution to fit the
data. The application of SN was studied by
Genton?®. Furthermore, many authors now use
skew normal distribution as the components of
mixture models.

In this paper, we considered the Skew-
Laplace-Normal (SLN) distribution®, whose
density function has given by

y=¢
w

), YeR (1)
_ly=4l

fL(y;¢ ) :2—8 ® ) We write
w

Y ~SLN (f,a)z,a) , if Yis SLN distribution.
The random variable Y has scale mixture

representation:

(2)
representation of  Skew-Normal (SN)

distributed random wvariable Z !, the random

variable Y have stochastic representation
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alZ| Z,
WViVi+a?) \/V2+a
where Z,~N(0,1) and Z,~N(0,1) are y= N— VZ+a?)|Z,| . Then, the SLN

independent random variables. Let distribution have hierarchical representation:

2
w

(0204
Yy v~ NE+— 2, )
V +a V +Ot

). 3)

Y =¢+ 0

2

yIv~TN(@O, % (O )), (5)

where TN(Q shows the truncated norrnal Y,V is
distribution. The joint density function of
1 1[\/ (y- 5) (- _a(y- 5))]

2o 2 o . (6)

f(y’%v):

Taking the integral of equation (6) over 7, we obtain

L v
F(y,v)= \/7 ;82 o (ax), ™

— basic probability formula we can get the
where X:y—é . Further, we need to ‘P Y &
@ following results:
compute  conditional  expectation  about

VZY=y,7|Y =y and y*|Y =Y. Using some

EVly)= (8)
|y —5 |’
O (ax)
E(r|y)=ax+ )
dlax)’
EG 1Y) =1+axE(r|Y). (10)
Given the density function (1) and a finite function of Skew-Laplace-Normal Mixture
number P as the components, the density (SLNM) model is
p
T (V:8) = 27 fa (v:6,) = [ £ (v:0)dG(0), (1)
k=1
where 7,,6, = (&, 0}, ),0=(6,L ,0)e0®, all parameters in SLNM models, and also write
® is the parametric space are the mixing its cumulative distribution function
proportion and component  parameters G(@):Zﬂkl(ek <@) , I() is the indicator
respectively. functionet

For convenience, we use the notation G for
The parameter space of G can be written as

p
r={G=(n,L 7, &L ,fp,a)lz,L ,a)ﬁ,al,L ,a,):0<7, Sl,Zﬁk =1-w0<é, 0, <+ 0, 20,
k=1

k=1L ,p}
Therefore, we can get G ’s log-likelihood function
o _h-al
I.(G)= Zlog foum (¥i:G) = ZIogZ—e . CD(—k(Y. &), (12)
=)

So, when we fixed &, = yl, for any parameter .The second undesirable property is shape
a , let o, >0 , the first undesirable parameter @ on the bound of MLE. The
mathematical property, that is divergence of skew parameter will lead to the

|, (G) > 4o classical ~statistical theories do not hold.
Tob Regul Sci.™ 2021;7(4-1): 776-787 777
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Although the probability of a divergent MLE
goes rapidly to 0 asn— oo, while for small or
moderate sample sizes, it can be non-negligible.
Meanwhile, the divergent estimator involves an
enormous amount ofg computational workload

I n(G) = ilog fSLNM (yi;G) =

Given the sample yl,yz,L Y, > let the

location parameter of first component be

and a bad inferential process.

Suppose observationsY,, Y,,L ,Y, from the
LSNM model, it’s log-likelihood function is
given by

n p
100> 7, fon (V; 0¥, (13)
k=1

& =Y, .Obviously, for any skew parametera,,
when @, = 0, we have

oo (Y15 0) =21 (y, _gl)q)(alwfl(yl —-&)) = a’fl —> 0. (14)

Let the other component parameters be
& =§0,a)k2 =la,=a, for k=2,3L ,p ,where
& # Y for anyi=2,3,L ,n.It is clear that the

component density fgy (Vi;6,) is bounded by

fSLNM (yl ; ek) = 2 fL(yi _ék)q)(aka)lzl(yi _gk)) < 2 ’ (15)

for k=2,3L,p,i=2,3L ,n.
Let 6,=(1a;) , and the mixing

proportion be 7, =05, and 7, :0;51 for

k=2,3,L ,p.wehave

I.(G)= IOg{i”k fom (Yo G+ ilog{iﬂk fooum (Vi 6}

n p
> log 7, fum (Y1 6) + Z Iog{z 7 Fsium (Vir 00)}

i=2 k=2

=nlog0.5+log g, (V,;6) +Z|09 fom (Yis ) >0,

i—2
as @, > 0. Therefore, the MLE of G is
inconsistent.
In this paper, to overcome both likelihood

pl . (G)=1,(G)+ p,(G),

P.(G) = () + P, (@) = . Bie1) + 3. Biex)

Then PMLE of G would be obtained by
& arg max pl ,(G) .With reasonable
penalties, we need to choose proper penalized
term over the filed T". For example, we need to
prove finite loglikelihood function when @
goes to 0 or infinity, and & tends to infinity.

The rest of this article is organized as
follows.

PRELIMINARIES

Technical Lemmas

We need to give a bound on the number of
samples included in a very small area of the
location parameters, that is an important

function's undesirable properties, we introduce
a penalty function in SLNM models, it defined

as

(16)

In Section 2, we give some basis theories
that including basis lemmas and penalties.

In Section 3, we give some important
theory of strong consistency of the proposed
PMLE.

in Section 4, we give the penalized EM
algorithms. Detail proofs of theorem are given

in the Appendix.

technique to strong consistency theory.

Without proofs, we give the following

Lemma®*

Lemma 1. Let Y;,L ,Y, be a simple random sample from F with density function fg (Y). Suppose

fgn (Y) is a continuous function and M =sup g (y) <. Let
y
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F.(y)== ZI(Y<y) Thus, asn —>o0,

=1

SUp{Fn(Y+<9) —F (y)}<2Me+10n"logn,

yER1
holds uniformly for all £ >0 almost surely.

Note that the density functions of multivariate normal model and LSNM model satisty the

following inequality

fom (¥:0) =21 (y - & 0)@(aw™(y —&))<2f (y-&iw), (18)
Suppose that Y, Y,,L , Y, bearandom sample from LSNM model,

by the above inequality and the strong law of large numbers, as N — o0, we have

%anl(yi eG)—%Zn:ZI(xi ee)f;js fans (Vi 0)y — [ 2, (X~ & 0)dx <0

Then, we can obtain the upper bound of Z I(y, €G). Lete =| wlog @’ |, where @>0. With a slight

i1
alteration, we list the result of SLNM as follows:

) Y.L
Lemma 2. Let observations !

f(y;G,)

"M from a finite mixture of SLN distributions with density function

, except for a zero-probability event not depending on @, when N—20_ almost surly we have

supZI(|Y &< wlog @® |) < 4Mn| wlog »* | +10log n

xeR! i=1

Choice of Penalties

Lemma 1 and Lemma 2 give some basis
conditions of the penalties to ensure the
consistency of the proposed PMLE:

Condition]. Vo >0,p,(w)=o0(n) ,
supmax{0, p, (@)}=o(n),
w>0Condmon2 pn(a))<(log n’logew , if

o<n*logn and n is a large number,
Condition3. p,() have maximum value
at_ the point ¢=0, and p,(a) > - as
af —> +o. In addltlon, p,(a)=0at =0,
Condition4. p,(w) and p,(a) are
differential functions to @ and « respectively,
and as n—o+4o , PH(w)=0(n?) and

Bo(0,) = -a, (2 +log -
@ S;
Bo(ar,) = b, (o

where @, and b, are positive numbers, it can be
taken different number to tunning penalized

CONSISTENCY OF THE PENALIZED MLE
Consistency of the Penalized MLE When p = p,

We denote conditional expectation under
the true mixing distribution G, as

Ko =Eg {log f(Y;G,)}. Suppose that &, and

4pMeg,log® g, <1,

Then, we also pick a parameter & such that

Tob Regul Sci.™ 2021;7(4-1): 776-787

1
() = o(n?).
many of functions can be as a penalty
function which easily to satisfied condition 1-4.
Condition 1 gives the upper-bound and lower-
bound of p,(®w), while condltlon 2 makes
(a)) sufﬁc1ently severe revent
a) — 400 ,condition 3 limits the P, (OS avoid
the skewness parameter not divergence, condition
4 shows that limiting distribution of the
penalized MLE must be exist. Here, we use
sample variance S to construct penalized term
p, (@), like most papers we recommend the
penalty functions have next form

2

). (19)

—log(l+¢a7)), (20)

terms Po(®,) and PO(e, ) .

Q are positive constants. Given p,M andKg,
there exists &, = 0 satisfying following two
inequalities:

—logeg, < p(K,—-2).

a > mElX{| ay |} K=1LL , p,where a;, is the k-
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th element of «;, and it is the element of G, .
Note that we need to select &, and  are

depend on Gj.

We defined the follow regions based on the
goand

I, ={Gel''min{w,}<¢g,, k=1L, p},
I,={Gel''max{|e, za,k=1L , p},

"=r-r,A ur,.
The parameter of the SLNM distribution has
at least one component will be close to zero, if it
falls in the region I' . The penalty p,(@) will
counter it such that PMLE with is with a
diminishing probability. Similarly, PMLE will not
fall in the region I, because of at least one | ¢, |
diverges to infinity in this region.
Firstly, we will give the theory of the
consistency on SLNM parameters. Without loss

of generality, we need to sort the component
deviations by ascending order, that is

@q <L <@, , and the corresponding mixing
proportion and other parameters, like 7, and
Oy = Cyr @iy Ay) » Ke{LL , p}, Then, for
index 7e{l,L ,p}, we divided the parameter

space I’ to several parts as follows

T .
[, ={Gel, 0y <L <@, <7y<@,, <L <o}

In particular, when 7 =],
p __ .
[, ={Gel, oy <L <o, <7,<&}.

Theorem 1 Let f (y;G,) is the density function for

true distribution. Take the penalized likelihood
pl ,(G) has form like equations (19) and (20),

and it’s satisfied condition 1-4. Then for any
Gel? ,as n—>+oo, we almost surely have

sup pl ,(G) - pl ,(G,) — —oo, (1)
rh

To save space , the detail of Theorem’s
proof was list in Appendix. For the spaces ']

Theorem 2
At the same assume as the Theorem 1, for

with 1<7<p-1, we can obtain the similar
results as follows like Theorem 1.

Gel'] ,1<7<p-1, as Nn—>+o0 and almost
surely

sup pl n(G)_ pl n(GO) —> —0, (22)

1-7(:0
—UP T
Note that I' ) =U’_I"7 .

and Theorem 2, we found that PMLE of G is
exclude in I' | except for a zero probability event.

From Theorem 1

Next, we consider the region TS UT, .

Theorem 3 At the same assume as the Theorem
1, for GeI', ,1<7r<p-1, as n—+4o0 and
almost surely

sup pl n(G) - pl n(GO) —> —™©, (23)

réur,
From these theorems, we know the penalized
MLE of Gf not falls in I’ or I' . Therefore, it

suffices to show that Gwill be falls in
complementary of I', UT", , that is the set T"".

The conclusion of consistency of & was

present as theorem 4.

Theorem 4 Under the same assumption as in

Theorem 1, s a mixing distribution which
satisfied

pl (- pl (G,)=c>—o0,
Then, as N —>o0,, we almost surely have G = G;.

Rewrite
" ={G el :min{w}> ¢, max{ a, |} > a}

der

Tob Regul Sci.™ 2021;7(4-1): 776-787

, it means that there is a positive bound to
component scale parameter and the absolute value

of skewness parameters. Because of the set I is
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regular, the consistency is then covered by the
technique®.

We know the PMLE Ot strongly
consistent because of pln((%— pl,(G,)=0 .

Otherwise, for P = p,, the limitation points of all

elements in G¢ are in the G, almost surely.

dl ,(G)

aplace-Normal Mixtures

!’

S/(G) =

n

&1,(6)
0GoG"
derivative matrix ofl,(G). Because the SLNM

be the score vector and second

model had regularity at the point G,, the Fisher
information matrix
I (Go) = _E{Sr: (Go)}: E{Sr-:— (GO)Sn (Go)} is
positive definitely matrix. Using the classical
asymptotic theory and condition 4, we have

a

&G, = {S](G,)} 'S, (Gy) +0, (n 2).

Nextly, let S (G)= and
. (G)=—25
So, the penalized estimator of SLNM
model have the asymptotic normality and
efficiency.

Theorem 5 Under the same conditions as in
Theorem 1 and Condition 4, as N—>oo

Jn(@2G,) » N(0,17(G,)) in distribution.

b

Consistency of the Penalized MLE  When
D(G,G,) = [ |G(6),G, (6) | e "d,

where 0 = (£, 0,a) €0 ,|0= & |+ |w|+|a| and
dd=dédwda . The distance is bounded with the

inequalities 0< D(G,G,) <I® ed@ and can
(CLEN G,
D(é/?GO) — 0. Use this distance we can get the

implied in  distribution  from

P> P,

In most instances, people often want to know a
finite upper bound of the mixture order P rather

than the exact P, ° In our cases, we use some

distance to measure the difference between the
mixing distribution G and G, ,

24)

following theorem.

Theorem 6 Assume the same conditions as in
Theorem 1, let p > p,, for any mixing distribution

G with P components satisfying

J(G)-pl, (Gy))=c>—o,

Then as N —»o0, almost surely we have G = G;.

THE PENALIZED EM ALGORITHMS
Consider the complete data (Y,Z)={Y;,Z.}., ,
where Z; =(Zy,L ,Z,)is the latent component-

indicators it follows a multinomial

distribution with discrete probabilities 7;,L , 7.

vector,

For convenient, we write it as
Z,~M@Qrz,L ,7z,),and Z;,L ,Z are mutually

independent. Based on the component-indicators,
for each Y,,i=1L ,n,

representation for SLNM as follows

we have a hierarchical

2

72 =1 NG+ 2T )
Vitap Vit
V
71,2, =1-TNO, % 0,0),
N
v |Z =1~ F(v)=v % ™,
Z~M@Q L ,7Z'p).
Let the hierarchical representation given in above
y=(y.L ,v,),7y =L ,»,),v=(v,L ,v,),z=(z,L ,2quation, the complete data log-likelihood

, and let (Y,7,V,2) be the complete data. From

Tob Regul Sci.™ 2021;7(4-1): 776-787

function of G is as follows:
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Gy, 7.V, Z)Zznlzp:zki{logﬂk —%Ioga)kz—Zlogvi —i
2( 2 (y| gk) 7.2 _an(yi _é;k)]/i +77k2(y| _gk)Z)}

data log-likelihood function given the observed data

ak . .
where 77, = — is the re-parameterized parameter. y; as follows:

oy
This function can be maximized to obtain the
estimator of G, and the expectation of the complete

EN(®;y, 7.V, Z]y,)= ZZE(ZK. | y.){logﬂk——logwk 2E(logVv, | y;)

i=1 k=1

G |y.)——(E(v yyYima) afk) )

k

—%(E(yf 190~ 20 (%~ EDE G4 | ¥ +72(Y, —E)7)}

The ECM algorithm proceeds as follows’?
E-step: Compute the conditional expectations

. S0 £ (v, GO
20 =E(Z, | yi,G(‘)):M

f(y,,G")
A (D)
NORE 2 Ay O
Vi _E(Vi |yi’G )_m’
R A HGOR)
7’1(8 =E(y | yi’G(t)) (t)xg) RESSNTIINTIN (A(t) (t))

A1) _ 2 S (1) A (1) G (8) £ (1)
Yaa =B 1Y GY) =1+, X Vi »

where X(t) =(y, - 92 (kt) | &, ® Then, we can get the objective function Q(G; G(t)) as follows:
Q(G:G)=E(1c(G) + P, (G)

L o =&)Y 1.
-3 2P ogr, ~logf i U2l 2
1 k-1 @, 2

=2, (Y, - ék)j;l(lzl) + 77 (Yi - ‘fk)z)}+ Z Po(a,) + Z fo(77,)
where, we replaced P, (a) by p,(#)=-b,(0’n* —logl+w’n?)).

. p
CM-Step: Maximize Q(G;G") with respect to G under the restriction with Z r, =1.

k=1
1. Update 7" by 7P = ZZ(O ,
2. Update EY by
t t 2 t t t '[ t t
(t+1)
k s
t t ~2(t
S0 i)
i=1
3. Fix & = &M | with the definition of P, (@) , obtain @, °**" by setting

Tob Regul Sci.™ 2021;7(4-1): 776-787 782
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n
a(t) 1)\2 2
22 20 (Y &) + 28,

Cf[)kz(wl) —_i=l - ,
5(1) 2
D28 + 25
i=1
4, Fix & =& and@,> = ", with equivalent transformation of
P p
z P, (1) = Z:[Za)kznk2 —log(L+ w’n?)] and n™ is solution of
k=1 k=1
(t+1) . (t) (t+1)y2 . ) (t+1)y (1) 2 A4(t+1)ﬁ3(t)
t+ 5(t t+ 5(t t+1)\ A (t k [ —
Ti szi (yi _é:k ) _szi (yi _é:k )71ki + ~2(t+1) ~2(1) 0.
i1 i1 1+a 7,
a4 can be obtained as follows:
&ét-#l) — é)ét+l)ﬁ|£t+1) )
DISCUSSION parameter, skewness parameter and mixing
proportion.

In this paper, we consider a penalty term SLNM
model parameter estimation problem, in view of
the likelihood function unbounded model and
skewness parameter divergence, we add penalized
term in the log-likelihood function respectively to
the scale parameter and skew parameter. It makes
the scale parameter to converge to 0 and the log-
likelihood function when the skewness parameter
divergent bounded. For parameter estimation, we
present an improved EM algorithm, which can
effectively estimate local parameter, scale

APPENDIX
Proof of Theorem 1:

The approach developed herein is arguably
valid for regaining the consistency and efficiency,
and has the advantage of placing no additional
constraints on the parameter space. This
methodology could be extensively to other classes
of finite skew mixture models, such as the finite
mixture of Skew-Normal-t distributions and the
mixture of Skew-Normal-Cauchy models.

Define sets Ay, ={i:| y; =&, < @y, log a)(zk) [}, k=LL ,p . For any set S, denote N(S) be the number of

elements in S . Furthermore, we defined | ,(G;S) = Z f(y,;¥) . For G eI} and some small enough &;, the

mixture density fg \,, (¥;;G) <
0)

(k)
in lemma 2, we almost surely have

ieS

for anyi € Ay, . Since N( it(:—ll A(i) I Ayy) <n(A,) . use the bound of N(A,)

1L, (G; 1T AT 1 Ay)< D log fg (%:6)

ieAy

<n(Ay)log @,
< 4Mnay, log® @, —10log e, logn

Next, we adding penalty function P, (a)(k)) to the likelihood function, it satisfying conditions 1-2, above formula

can be written as

k-1
t=1

l.(G;1

Tob Regul Sci.™ 2021;7(4-1): 776-787
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< 4Mna,, log® @y, — (10log n—log® n) log e,
< 4Mnay, log® ay,

<4Mng, log’ &,

Foranyiel [, A:) , since| Y; — &y [P @ 109 a)(zk) |, it is easy to show

|Yi—§(k)|
. . ﬂ-(k) - k)
fom (V13 G) <log{>_ —e }
k=L Dy
1 log wfy,
<log—-e =log w,, <log e, <0
0!

-1
By 4pM¢g, log® &, <1,-4pM & loge, < P2 holds for small enough &, we can implied that
p
k-1 AC p n
n(l 3 A°)>n —;n(ﬁm) > s

Hence, the summation log-likelihood contributions of samples in N(l lt:ll A(?)) are bounded by

_ _ n
I, (G:1 lt(:llA(i) =n(l It(zllAf))IOQ fsiam (V15 G) S_Elog o>

Thus, for G € Fg and some sufficiently small £, use above results and condition 3, the penalized log-likelihood

function has the upper bound as

p
pl n(G):;{I (GG AT T A+ (o)} +1,(Gi T 2L AT ) +o(n)
<4pMng, log® &, _n log &, +0(n)
p

<n+n(K,-2)+o(n)
<n(K, -1 +o(n)

1
By the strong law of large numbers, we have almost surely — pl n (Go) — K, . Consequently, as N —> 00, almost
n

surely we have,

sup pl ,(G)—-pl ,(G,)<—n+0(n) > —0.
r;

Proof of Theorem 2
Let f; be a compaction I'] allowing Wy = L = Wy = 0.For Ge l:; , define the following continuous functions

7|Y*§(k)| p

g(y;G) :kz:;/z(k)e 25 Z o Fsom (V16,) .

k=r+1
where g\ (¥;0, ) is the density function of k-th component. Because @, 2L 2@y, 2 &, 9,(y;:G) is

bounded over I, . Therefore, G € ", when &, <1, we have

log Eq, {9, (Y:G)/ fum (Y3 Go)}

Tob Regul Sci.™ 2021;7(4-1): 776-787 784
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[y=4ol
—log [[Yme ™ + 3 7, fo (30,1
k:l s k=r+1 p
=|0g[J;ﬂk[e 0 4 fym (v;6, )]dy+Jk;1ﬁk fsum (Y360, )dy]
. 1 sl
= log[[ 226l e " =5 fn (110 My +1

<log[> 7, (26, ~1) +1]

= _Ar (go) < 0

It is also clearly that A (&,) is a non-increasing function and lim A_(g,) € (0,%0) . Hence, the inequality
&g—0

8rMg, |ng &, <A_(&,) holds for small enough &,

n
Define || (G) = Zloggr(yi;G) on I'] | by the strong law of large numbers and the upper bound of Jensen's

i=1
inequality, we have almost surely

sup 1{I ;(G) -1 n(GO)}_) EG0 Iog{gT(Y;G)/ fSLNM (Y;Go)}: _Ar (‘90) :

Gel,

For GeT? and 7e{lL ,p—1}, we have foinm (yi;G)sigr(yi;G) for all i€ Ay, . For the rest

)

observations, since | Y; — &y [> @, l0g a)(zk) ,and if @, is small enough that a)(k)_l =e

1y=Suol 1Y=Sol
- lIoga)2 -
. k) 2 WL @
fom (V5 e(k)) < € <€ €
0
|y—§(k)| ‘y_’:(k)l |y—§(k)| |y—§(k)|

—e 2 W _p?w <o 0
holds with @, < &, which implies fg \y (Vi;G) < g, (y;;G).
So, the log-likelihood contribution of Y; have upper bounds as
log £ (y:G) < {—Iog @ +1099.(¥;;6).1 € Ay,
stnm i) = . :
log g, (y;;G), otherwise.
So, in the log-likelihood function, we have

I.(G)= z log s (i:G)

(SN
< 2 logg.(%:G) - 3 log ey
icAy i€Ak
<17(G) -2 n(Ay) log @y,

k=1
With these results , we can show that

supl . (G)—1,(G,)
ry

T

n S sgp{l 2(G)—1,(Gy)}+sup Z{_n(p\(k)) log @, + P, (@) +0(n)}

I, k=1
<-nA_(g,) +4rMng, log® &, +0(n)
<-nA_(g,)/ 2+0(n)
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—log &)

<e

1 2
EIog @iy
, thus
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for the chosen &,. Note that A_(&,) >0, thus 7 €{LL , p—1} almost sure have sup{l ;(G)—1,(G,)} - as
rf

12

n—oo0.

Proof of Theorem 3
When G € FZ I T, since the component deviances have a positive lower bound and divergent
skew parameters do not lead to density function goes to infinite, then fg \,, (Y;G) is bounded over FZ 1 T,.
Through the Jensen's inequality, we have Eg log{ o\ (Y3G)/ fou (YiG)}<0 foranyGeTS 1 T, . We

have also selected p large enough so that Geg Fg | I, . Furthermore, it is easy to show that!®, when N —»c0 ,

sup ZIog{ fsim (Y38 foim (Y3 G} = —A(p) <0,

rsir, i-1
Note that A(p) is greater than zero and is an increasing function of L . With the upper bound in —A(p) and the
conditions C1-C3, we get

sup 1,,(G)-1,(G,)

reir,
= sup D_log{ s (Y;G)/ foum (Y;Go)}+ sup p,(G) - p,(Gy)
réir, io e,
s-%n+o(n)

Thus, we have sup |} (G)—1,(G,) — —oo almost surely as N —>o0
réir,

Proof of Theorem 5
With the defined distance and for any x>0 , we need to defined a new parameter space
Q. ={G:G eI,D(G,G,) 2 «}. Clearly, G, & €},,whenx>0.

ForGeTl? | Q(K) , it is easy to show the derivations of Theorem 1 are still applicable by replacing G € FZ

with G eI’} | Q,,. Hence, we can quickly get sup pl (G)—pl (Gy)) — -0 as N—co, and claim that
Ger®l Q,,

G4 P 1 €, with probability one.
Since Gy (), ., for Gel, 1 Q where 1<z<p-1and GeT?I T',1 Q. ,the corresponding
inequalities Eg 109{g, (Y;G)/ fgu (Y:Gy)} <0 and Eg 109{fs (Y:G)/ fsu (Y:Gp)}<0 still holds

respectively. Thus, we can get

sup 1{1%(G)—1,(Gy)} = —A. () <0.
Tyl O n

sup > 10g{ fou (Y;G)/ Foy (Y3 Go)} = —A(p) < 0.

oI T, Q,, im

for the properly selected &, , 0 and well defined g,(y;G). Using these results, with N —>00, we similarly get

sup pl_(G)-pl , (G,) > — for 1<7<p-1and
F(’UIQ(K)

sup {pl . (G)-pl (Gy)}—> —.

roIT,lQ,,
From above conclusions, we know that the PMLE C% must fall in set I”™ U Q(CK) with probability 1. For any x,

we must be get D((g/,OGO) — 0 through (S Q(CK) . Meanwhile,
Tob Regul Sci.™ 2021;7(4-1): 776-787 786
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G I atso implies D(d/?GO) —> 0. Thus, the strong consistency of the penalized MLE is proved under the case
P>P,.
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