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Abstract:

In this paper we deal with an extension of the Vogel method, which has been shown to be
effective in finding an initial solution close to be optimal solution to the two index
transportation problem for a four index problem, is denoted by Vogel4: In this work we
intended also to compare the performance of Vogel4 with least cost method. The
comparison has been found that the solution obtained by Vogel4 method is the closest to
the optimal solution and that least cost method lost its effectiveness for a four index
problem.
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1. Introduction:

Due the importance of transportation problem in real-world life, in industry, economy,
telecommunication, localization and many others; there have been various studies on this subject.
Since the first classical problem with two-dimensional index developed by Frank Lauren
Hitchcock (1941) who also named, the transportation problem which transports goods from m
sources to n different destinations to minimize total shifting cost. Important developments were
made in this area during the second world war by mathematicians and economists: Koopmans in
1947, L.V. Kantorovich and M. K Gavourine in (1949 [6]) and then G.B Dantzig in (1951 [1]).
Next the study has been extended to transportation problems with 3-index, 4-index and n-index

(5], [7], [8], [9]: Determining an initial solution is an important step in solving the
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transportation problem. That why there are several methods proposed as least cost [1], [2] and
Vogel [10].

In this paper, we are interested in the four index transportation problem, denoted by (TP4) with
four indexes: origin, destination, merchandise types and vehicle types, one of extension cases of
the Hitchcock is problem. The (TP4) includes the exchange of one or several merchandise types
by vehicle types in a single link between origins to destinations. We will present the adapted
algorithm from the Vogel method called vogel4 to obtain the initial basic feasible solution of the
four index transportation problem. Vogel4 algorithm contains three steps: The first is for
selecting the cell to allocate. In the second step the cell is selected for allocation and the selection
criterion is the least expensive cell. The third step includes stop test. Section2 contains the four
index transportation problem formulation and its economic interpretation. Section3 will be used
to present the description of the new method Vogel4. In section 4 we find a comparative study.
In section 5 we present results and conclusion.

2. Preliminaries:

2.1 Four index transportation problem formulation

The transportation problem with a four dimensional index, denoted by (TP4), is formulated as

the following constrained optimization problem:

m n q
Minimize z = z Z z z Cijki Xijkl

i=0 j=0k=01=0
Subject to the constraints:
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qukl =q; forall i=1,.
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xijkl =Yk fOT all k= 1, o, P.
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Xijke =6, forall 1=1,..,q.

Xijke =0 forall (i,j,k,1)
With! a; > O, B] > 0, Yk > O, 61 > 0, Cijkl > 0.
This formulation is equivalent to the following linear program:

Minimize z = cTx s.c. Ax =b,x > 0.

With:
_ T N
° X = (X1111) -+ Xmnpq) € R™.
_ T N
° ¢ = (€1111s = Cmnpq) € RV,

° b = (alf sery am, gll ""BTU Y1, ...,yp, 61, ey 5q)T € IRN
J Aisa M X N matrix, where M = m+n+p + q and N = mnpq.
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2.2 Definitions
° A feasible solution x of (TP4) is called basic solution if the columns of the sub-matrix
A, obtained from A by keeping only the columns corresponding to the variables x;j;; > 0 are
linearly independent.
o A basic feasible solution is said to be non-degenerate if
rank(A,) =rank(A)=m+n+p+q-3
2.3 Economic interpretation
Let:
Ay, Ay, ..., Ay, morigins of availability ay, ..., &, (respectively).
B1,B,, ..., By, n destinations of request 34, ..., 13, (respectively).
81,82, .., Sp, p vehicles types chosen appropriately of reserved load ¥, ..., ¥, (respectively).
Hy, Hy, ..., Hy, q goods types of quantities &y, ..., 8, (respectively).

3 Vogel4 method
In the following section we present the initialization methods: least cost4 and Vogel4 for solving
the previous problem
3.1 Initialization procedure
It contains 3 steps:
Step 1: Choice of the cell to allocate.
Step 2: Assignment to the chosen cell.
Step 3: Stop test.
Unlike stepl, steps 2 and 3 are the same for least cost4 and Vogel4 methods.
Step 2: If we chose the cell (iy, jo, ko, lo)-
We take
Xigjokolo = min(aio,ﬁjo,yko,élo)
Aiy = Aig — Xigjokolo
Bjy = Bjy = Xigjokoto
Yio = Vko ~ Xigjokolo
81, = O1y = Xigjokolo
For all (i, J, k, I) sush that x;j; is not determined:
If a;, = 0 then x; ji; = 0V, k, 1) # (o, ko, o)
If 8, = 0 then x;j,,0 = 0V(i, k, 1) # (io, ko, o)
If y, = 0 then x;j,,;, = 0V(i,j,, 1) # (io,jos, o)
If §;, = 0 then x;j5,, = 0V(i, ], k) # ({0, Jo. ko)
Step 03: Repeat step 1 and 2 until all x;jy; are determined.
Regarding step 1, we have:
3.1.1 Least cost4

Consists of choosing the least cost cell.
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3.1.2 Vogel4
Lec I ={1,..,m}; J={1,...,n}; K={1,..,p} L=1{1,...,q}.
1/ Determine the penalties u;, v, Wi, 4 for each: i€ I; j€ J; k€ K; 1€ L as follows:
° for all i € I determine
MINCiji1 = Cijokolys MINCijki = Cijykeyty> YUK D # oy Ko Lo);
Ui = Cijikaly ~ Cijokolo
. for all j € J determine:
MINCjji; = Ciyjkolys MINCijkt = Ciyjiky1, YK, D # (ig, ko, Lo);
Ui = Ciyjkyly — Cigjkoly
o for all k € K determine:
MINCijk = Cigjoktys MINCijir = Ciyjikty> Y61, D) # (o, jor lo);
Ui = Ciyjakly — Cigjokly
. for all I € L determine:
MINCiji = Ciyjokots MINCijkt = Ciyjikyt> V(0 Ji k) # (o, Jor ko)
Ui = Ciyjikel — Cigjgkol
2/ Identify among the u;, v;, wy, t; the dimension corresponding to the highest penalty.
3/ Determine in the chosen dimension of penalties the cell (i, j, k, ) with the smallest cost.
4/ If there is a tie in penalties; choose from among them the dimension with the cell the smallest
cost.

5/ If there is again a tie (least cost cells), chose the first dimension on the left.

Example:
m=n=p=q=2
a; =8 3, =8 Y1 =7 6,=7
a, =2 3, =2 Y, =3 6, =3
ijkl 1111 1112 1121 1122 1211 1212 1221 1222
Cijkl 14 28 40 21 71 24 41 12
ijkl 2111 2112 2121 2122 2211 2212 2221 2222
Cijki | 76 24 67 84 421 77 71 1
Iterationl:
Stepl:
1.1 Determine penalties:
i =1: mlin Cijil = C1222 = 12, mzin Ciji = €111 = 14, U =2
{i = 2: mlin Cojil = C2222 = 1, mzin Cojkl = C2112 = 24, U, =7
j=1 rnlin Citkl = C1111 = 14, mzin Citkl = C1122 = 21, vy =7
{j =2 rnlin Cizki = C2222 = 1, rnzin Cizki = C1222 = 12, v, =11
k=1: mlin Cijuu = 1111 = 14, mzin Ciji1 = C1212 = 24, wy; =10
{k = 2 mlin Cija1 = C2222 = 1, mzin Cija1 = C1222 = 12, w, =11
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[=1: mlin Cijk1 = C1111 = 14, mzin Cijk1 = C1121 = 40, t, =26
{l =2: mlin Cijkz = C2222 = 1, mzin Cijkz = C1222 = 12, t, =11
1.2. The greatest penalty ist; = 26 sol =1
1.3. The cell with the smallest cost for [l = 1is (1111).
Step2: Allocation to the chosen cell
X1111 = min(ay, 84,74,61) = min(8,8,7,7) = 7

a; = a1 — X1111
1 =By —x1111
Y1 =V1— X1111
61 =81 — X1111

a1=1 fglzl }/1=0 51:0

0(2=2 82=2 )/2=3 62=3

xijll =0 and xl-jkl =0

Iteration2:
Stepl:
1.1  Determine penalties:
{i =1: mlin Ciji = 12, mzin Crji = 21, u; =9
i =2: mlin Coji = 1, mzin Coji = 84, u, = 83
{j =1: mlin Ciirr = 21, mzin Ciix = 84, v, = 63
Jj =2 mlin Ciokt = 1, mzin Cioir = 12, v, =11
k=1: /
{k =2 mlincijZZ =1, mzincijZI =12, w, =11

=1 /
{l = 2 mlin Cijkz = 1, mzin Cijkz = 12, t, =11

1.2. The greatest penalty is u; = 83 soi =2

1.3. The cell with the smallest cost for i = 2 is (2222).

Step2: Allocation to the chosen cell

X2222 = min(ay, R3,75,8,) = min(2,2,3,3) = 2

Oy = Az = X2222
B2 =By — Xx3222
Y2 = VY2 = X2222
8, = 63 — X222

a1:1 fgl:l }/120 5120

f§2=0 )/2=1 52=1

I
o

[24/)

xzjkl =0 and Xiokl = 0
Iteration3:

Only cell (1122) remains, so X112, = 1
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af1=0 Bl=0 ]/1:0 61=0
a2=0 @2=0 )/2=0 6220
Step3: stop.

4 Comparative study:

We take:

T): the average phasel execution time for 10 instances.

T5: the average phase 2 execution time for 10 instances.

Thowt: the average execution time of the two phases for 10 instances.
Valina: the average of the initial phasel value for 10 instances.
Valopima: the average of the optimal phase2 value for 10 instances.
Nbr: the average number of phase 2 iteration for 10 instances.

. For the comparison we used algorithm ALPT4 [13] in phase 2.

Example 1:
Size: 8x6
T, T, Toow
Least cost4 00:00 00:00 00:00
Vogel 4 00:0001 00:00 00:0001
Valiniia Valopima Nbr
Least cost4 242909,1 261390,8 1,4
Vogel 4 232927,3 261390,8 1,3
Percentage of prbs degenerating
Least cost4 00
Vogel 4 00
Example 2:
Size: 22x900
T, T, Trowl
Least cost4 00 : 0349 00 : 0083 00 : 0432
Vogel 4 00:1612 00 : 0079 00 : 1691
Valiniial Valopeimal Nbr
Least cost4 1310189,9 496485,3504 26,9
Vogel 4 1375539,3 496485,3504 25,3
Percentage of prbs degenerating
Least cost4 00
Vogel 4 30
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Example 3:
Size: 34x5184
T, T, Trowl
Least cost4 01:536 00 : 1899 01 :7259
Vogel 4 06 : 6483 00 : 1493 06 :7976
Valiniial Valopeimal Nbr
Least cost4 26391631,500 4943838,3181 72,3
Vogel 4 20880857,000 4943838,3181 64,0
Percentage of prbs degenerating
Least cost4 20
Vogel 4 10
Example 4:
Size: 38x8100
T, T, Trowl
Least cost4 4:5963 00 : 3581 04 : 9544
Vogel 4 17 :2181 00 : 3585 17 : 5766
Valinial Valopeimal Nbr
Least cost4 23872695.,4 3332000,9981 87,5
Vogel 4 26244949,3 3332000,9981 88,1
Percentage of prbs degenerating
Least cost4 00
Vogel 4 00
Example 5:
Size: 40 x 9900
T, T, Toowl
Least cost4 5:296 00 : 4551 5:7511
Vogel 4 30 : 5668 00:5817 31 : 14855
Valiniial Valopimal Nbr
Least cost4 1838,875 35036,75 89,25
Vogel 4 1929,375 35036,75 84,125

Percentage of prbs degenerating

Least cost4

70

Vogel 4

80
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Example 6:
Size: 40 x 10000
T, T, Trowl
Least cost4 5:951 0:5443 6: 4953
Vogel 4 34 :5752 00:5117 35:0929
Valiniia Valopima Nbr
Least cost4 3139,7 584,5904 104,5
Vogel 4 2548;1 584,5904 98,3
Percentage of prbs degenerating
Least cost4 80
Vogel 4 90
Example 7:
Size: 43 x 13068
T, T, Trout
Least cost4 11:0738 00 : 7631 11:8369
Vogel 4 47 : 8196 00 : 8235 48 : 6431
Valiniia Valopima Nbr
Least cost4 224617,7 21959,1418 121,5
Vogel 4 196611,3 21959,1418 112,6
Percentage of prbs degenerating
Least cost4 30
Vogel 4 00

5 Results and conclusion

We used algorithm ALPT4 for the comparison

- In T\ least cost4 is better than vogel4.

- In T: vogel4 is better than least cost4.

- In Twa: We find that the time saved by vogel4 in T, does not compensate for the loss in
T1which makes it ranked last.

- In Nbr: Vogel4 is best followed by least cost4.

- By contribution least cost4: it remains the best method; percentage of degenerating problems is

20%.
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