
 



 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑧 = ∑ ∑ ∑ ∑ 𝑐𝑖𝑗𝑘𝑙

𝑞

𝑙=0

𝑝

𝑘=0

𝑛

𝑗=0

𝑚

𝑖=0

𝑥𝑖𝑗𝑘𝑙

∑ ∑ ∑ 𝑥𝑖𝑗𝑘𝑙

𝑞

𝑙=1

=

𝑝

𝑘=1

𝑛

𝑗=1

𝛼𝑖   𝑓𝑜𝑟 𝑎𝑙𝑙   𝑖 = 1, … , 𝑚.

∑ ∑ ∑ 𝑥𝑖𝑗𝑘𝑙

𝑞

𝑙=1

=

𝑝

𝑘=1

𝑚

𝑖=1

𝛽𝑗     𝑓𝑜𝑟 𝑎𝑙𝑙    𝑗 = 1, … , 𝑛.

∑ ∑ ∑ 𝑥𝑖𝑗𝑘𝑙

𝑞

𝑙=1

=

𝑛

𝑗=1

𝑚

𝑖=1

𝛾𝑘    𝑓𝑜𝑟 𝑎𝑙𝑙   𝑘 = 1, … , 𝑝.

∑ ∑ ∑ 𝑥𝑖𝑗𝑘𝑙

𝑝

𝑘=1

=

𝑛

𝑗=1

𝑚

𝑖=1

𝛿𝑙     𝑓𝑜𝑟 𝑎𝑙𝑙    𝑙 = 1, … , 𝑞.

𝑥𝑖𝑗𝑘𝑙 ≥ 0       𝑓𝑜𝑟 𝑎𝑙𝑙   (𝑖, 𝑗, 𝑘, 𝑙)

 𝛼𝑖 > 0, 𝛽𝑗 > 0,  𝛾𝑘 > 0, 𝛿𝑙 > 0 𝑐𝑖𝑗𝑘𝑙 ≥ 0.        

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑧 = 𝑐𝑇𝑥   𝑠. 𝑐.  𝐴𝑥 = 𝑏, 𝑥 ≥ 0.

• 𝑥 = (𝑥1111, … , 𝑥𝑚𝑛𝑝𝑞)ᵀ ∈ ℝ𝑁 .

• 𝑐 = (𝑐1111, … , 𝑐𝑚𝑛𝑝𝑞)ᵀ ∈ ℝ𝑁 .

• 𝑏 = (𝛼1, … , 𝛼𝑚, ß1, … , ß𝑛, 𝛾1, … , 𝛾𝑝, 𝛿1, … , 𝛿𝑞)ᵀ ∈ ℝ𝑁 .

•  𝑀 × 𝑁 𝑀 = 𝑚 + 𝑛 + 𝑝 + 𝑞 𝑎𝑛𝑑 𝑁 = 𝑚𝑛𝑝𝑞.



 

•  𝑥

𝐴𝑥 𝑥𝑖𝑗𝑘𝑙 > 0 

• 

                         𝑟𝑎𝑛𝑘(𝐴𝑥) = 𝑟𝑎𝑛𝑘(𝐴)  𝑚 + 𝑛 + 𝑝 + 𝑞

𝐴1, 𝐴2, … , 𝐴𝑚, 𝑚  𝛼1, … , 𝛼𝑚

𝐵1, 𝐵2, … , 𝐵𝑛, 𝑛 ß1, … , ß𝑛

𝑆1, 𝑆2, … , 𝑆𝑃, 𝑝 𝛾1, … , 𝛾𝑝

𝐻1, 𝐻2, … , 𝐻𝑞 , 𝑞 𝛿1, … , 𝛿𝑞

(𝑖0, 𝑗0, 𝑘0, 𝑙0).

𝑥𝑖0𝑗0𝑘0𝑙0
= min(𝛼𝑖0

, ß𝑗0
, 𝛾𝑘0

, 𝛿𝑙0
)

𝛼𝑖0
= 𝛼𝑖0

− 𝑥𝑖0𝑗0𝑘0𝑙0

ß𝑗0
= ß𝑗0

− 𝑥𝑖0𝑗0𝑘0𝑙0

𝛾𝑘0
= 𝛾𝑘0

− 𝑥𝑖0𝑗0𝑘0𝑙0

𝛿𝑙0
= 𝛿𝑙0

− 𝑥𝑖0𝑗0𝑘0𝑙0

(𝑖, 𝑗, 𝑘, 𝑙) 𝑥𝑖𝑗𝑘𝑙  

𝛼𝑖0
= 0 𝑥𝑖0𝑗𝑘𝑙 = 0 ∀(𝑗, 𝑘, 𝑙) ≠ (𝑗0, 𝑘0, 𝑙0)

ß𝑗0
= 0 𝑥𝑖𝑗0𝑘𝑙 = 0 ∀(𝑖, 𝑘, 𝑙) ≠ (𝑖0, 𝑘0, 𝑙0)

𝛾𝑘0
= 0 𝑥𝑖𝑗𝑘0𝑙 = 0 ∀(𝑖, 𝑗, , 𝑙) ≠ (𝑖0, 𝑗0, , 𝑙0)

𝛿𝑙0
= 0 𝑥𝑖𝑗𝑘𝑙0

= 0 ∀(𝑖, 𝑗, 𝑘) ≠ (𝑖0, 𝑗0, 𝑘0)

𝑥𝑖𝑗𝑘𝑙



 

𝐼 = {1, … , 𝑚} 𝐽 = {1, … , 𝑛} 𝐾 = {1, … , 𝑝} 𝐿 = {1, … , 𝑞}.

𝑢𝑖 , 𝑣𝑗 ,  𝑤𝑘, 𝑡𝑙  ∈ 𝐼 ∈ 𝐽 ∈ 𝐾 ∈ 𝐿

• 𝑖 ∈ 𝐼

𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖𝑗0𝑘0𝑙0
𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖𝑗1𝑘1𝑙1

 ∀(𝑗, 𝑘, 𝑙) ≠ (𝑗0, 𝑘0, 𝑙0);

  𝑢𝑖 = 𝑐𝑖𝑗1𝑘1𝑙1
− 𝑐𝑖𝑗0𝑘0𝑙0

• 𝑗 ∈ 𝐽

𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖0𝑗𝑘0𝑙0
; 𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖1𝑗𝑘1𝑙1

 ∀(𝑖, 𝑘, 𝑙) ≠ (𝑖0, 𝑘0, 𝑙0); 

 𝑢𝑖 = 𝑐𝑖1𝑗𝑘1𝑙1
− 𝑐𝑖0𝑗𝑘0𝑙0

• 𝑘 ∈ 𝐾

𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖0𝑗0𝑘𝑙0
; 𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖1𝑗1𝑘𝑙1

 ∀(𝑖, 𝑗, 𝑙) ≠ (𝑖0, 𝑗0, 𝑙0); 

 𝑢𝑖 = 𝑐𝑖1𝑗1𝑘𝑙1
− 𝑐𝑖0𝑗0𝑘𝑙0

• 𝑙 ∈ 𝐿

𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖0𝑗0𝑘0𝑙; 𝑚𝑖𝑛𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖1𝑗1𝑘1𝑙  ∀(𝑖, 𝑗, 𝑘) ≠ (𝑖0, 𝑗0, 𝑘0); 

 𝑢𝑖 = 𝑐𝑖1𝑗1𝑘1𝑙 − 𝑐𝑖0𝑗0𝑘0𝑙

𝑢𝑖 , 𝑣𝑗 ,  𝑤𝑘, 𝑡𝑙  

(𝑖, 𝑗, 𝑘, 𝑙) 

𝑚 = 𝑛 = 𝑝 = 𝑞 = 2

𝛼1 = 8 ß1 = 8 𝛾1 = 7 𝛿1 = 7

𝛼2 = 2 ß2 = 2 𝛾2 = 3 𝛿2 = 3

𝑖𝑗𝑘𝑙 1111 1112 1121 1122 1211 1212 1221 1222

𝑐𝑖𝑗𝑘𝑙

𝑖𝑗𝑘𝑙 2111 2112 2121 2122 2211 2212 2221 2222

𝑐𝑖𝑗𝑘𝑙

 

{
𝑖 = 1: min

1
𝑐1𝑗𝑘𝑙 = 𝑐1222 = 12, min

2
𝑐1𝑗𝑘𝑙 = 𝑐1111 = 14, 𝑢1 = 2

𝑖 = 2: min
1

𝑐2𝑗𝑘𝑙 = 𝑐2222 = 1, min
2

𝑐2𝑗𝑘𝑙 = 𝑐2112 = 24, 𝑢2 = 7
  

{
𝑗 = 1: min

1
𝑐𝑖1𝑘𝑙 = 𝑐1111 = 14, min

2
𝑐𝑖1𝑘𝑙 = 𝑐1122 = 21, 𝑣1 = 7

𝑗 = 2: min
1

𝑐𝑖2𝑘𝑙 = 𝑐2222 = 1, min
2

𝑐𝑖2𝑘𝑙 = 𝑐1222 = 12, 𝑣2 = 11
  

{
𝑘 = 1: min

1
𝑐𝑖𝑗1𝑙 = 𝑐1111 = 14, min

2
𝑐𝑖𝑗1𝑙 = 𝑐1212 = 24, 𝑤1 = 10

𝑘 = 2: min
1

𝑐𝑖𝑗2𝑙 = 𝑐2222 = 1, min
2

𝑐𝑖𝑗2𝑙 = 𝑐1222 = 12, 𝑤2 = 11
  



 

{
𝑙 = 1: min

1
𝑐𝑖𝑗𝑘1 = 𝑐1111 = 14, min

2
𝑐𝑖𝑗𝑘1 = 𝑐1121 = 40, 𝑡1 = 26

𝑙 = 2: min
1

𝑐𝑖𝑗𝑘2 = 𝑐2222 = 1, min
2

𝑐𝑖𝑗𝑘2 = 𝑐1222 = 12, 𝑡2 = 11
  

𝑡1 = 26 𝑙 = 1

𝑙 = 1 1111

𝑥1111 = min(𝛼1, ß1, 𝛾1, 𝛿1) = min(8,8,7,7) = 7

𝛼1 = 𝛼1 − 𝑥1111

ß1 = ß1 − 𝑥1111

𝛾1 = 𝛾1 − 𝑥1111

𝛿1 = 𝛿1 − 𝑥1111

𝛼1 = 1 ß1 = 1 𝛾1 = 0 𝛿1 = 0

𝛼2 = 2 ß2 = 2 𝛾2 = 3 𝛿2 = 3

𝑥𝑖𝑗1𝑙 = 0  𝑎𝑛𝑑  𝑥𝑖𝑗𝑘1 = 0

 

{
𝑖 = 1: min

1
𝑐1𝑗𝑘𝑙 = 12, min

2
𝑐1𝑗𝑘𝑙 = 21, 𝑢1 = 9

𝑖 = 2: min
1

𝑐2𝑗𝑘𝑙 = 1, min
2

𝑐2𝑗𝑘𝑙 = 84, 𝑢2 = 83
  

{
𝑗 = 1: min

1
𝑐𝑖1𝑘𝑙 = 21, min

2
𝑐𝑖1𝑘𝑙 = 84, 𝑣1 = 63

𝑗 = 2: min
1

𝑐𝑖2𝑘𝑙 = 1, min
2

𝑐𝑖2𝑘𝑙 = 12, 𝑣2 = 11
  

{
𝑘 = 1:         /                                                                               
𝑘 = 2: min

1
𝑐𝑖𝑗2𝑙 = 1, min

2
𝑐𝑖𝑗2𝑙 = 12, 𝑤2 = 11  

{
𝑙 = 1:          /                                                                              
𝑙 = 2: min

1
𝑐𝑖𝑗𝑘2 = 1, min

2
𝑐𝑖𝑗𝑘2 = 12, 𝑡2 = 11  

𝑢2 = 83 𝑖 = 2

𝑖 = 2 2222

𝑥2222 = min(𝛼2, ß2, 𝛾2, 𝛿2) = min(2,2,3,3) = 2

𝛼2 = 𝛼2 − 𝑥2222

ß2 = ß2 − 𝑥2222

𝛾2 = 𝛾2 − 𝑥2222

𝛿2 = 𝛿2 − 𝑥2222

𝛼1 = 1 ß1 = 1 𝛾1 = 0 𝛿1 = 0

𝛼2 = 0 ß2 = 0 𝛾2 = 1 𝛿2 = 1

𝑥2𝑗𝑘𝑙 = 0  𝑎𝑛𝑑  𝑥𝑖2𝑘𝑙 = 0

1122   𝑥1122 = 1



 

𝛼1 = 0 ß1 = 0 𝛾1 = 0 𝛿1 = 0

𝛼2 = 0 ß2 = 0 𝛾2 = 0 𝛿2 = 0

• 



 



 



 


